The pure spinor superstring in a type II curved background is considered. In order to define reparametrization ghosts, non-minimal pure spinor variables have to be present in the formalism. The BRST transformations of the non-minimal variables are obtained. It is found that the BRST transformations of a set of world-sheet variables have the form of the corresponding transformations in flat spacetime, up to a field-dependent Lorentz rotation. This simplify the construction of the reparametrization b ghosts.
Introduction
The pure spinor formalism was invented almost twenty years ago to solve the problems arising in the covariant quantization of the Green-Schwarz superstring [1] . Since then, the formalism has passed several tests. The formalism has the correct physical spectrum [2] , [3] , reproduces scattering amplitudes at tree-level [4] and at higher loops level [5] . It is also useful to construct massive states in a covariant language [6] . The pure spinor formalism was used to couple a string to a curved background [7] including background with Ramond-Ramond background fields like the ones present in the AdS 5 × S 5 background geometry for the type IIB superstring [8] .
One of the more mysterious aspects of the pure spinor string is the absence of the world-sheet reparametrization ghosts as fundamental fields. They come from gauge-fixing the reparametrization invariance of the traditional string theories. In the conventional conformal gauge, they are the left-moving (b L , c L ) and right-moving (b R , c R ) ghosts. It is not known if the pure spinor string comes from gauge fixing a set of local world-sheet symmetries that includes the reparametrization symmetry (although this problem was recently discussed in [9] ), then the reparametrization ghosts do not appear in a BRST quantization scheme in a natural way. However, the b ghost is a necessary ingredient to construct higher-loops scattering amplitudes [10] . Although there is no c ghosts in the pure spinor formalism 2 , the b ghosts are constructed as a composite field and after noticing that the stress-energy tensor T is BRST closed and trivial in flat spacetime background [14] , in AdS 5 × S 5 background [10] and in a generic supergravity background for the heterotic string [15] . In this way, the b ghost is defined to satisfy Qb = T . A natural generalization is the case of the type II superstring in a generic curved background. This is the goal of this work.
To find a conformal weight two an ghost number zero satisfying Qb = T it is necessary the introduction of new variables. They are the so called non-minimal pure spinor variables [14] . These new constrained variables do not change the physical content of the pure spinor string and help to construct the b ghost field. In this way, the b ghost in flat spacetime background was constructed in [14] . The construction was simplified in [16] . An obvious generalization is to turn on background supergravity fields. It is known that such superfields are constrained by the BRST symmetry [7] . For the heterotic string in curved background, the non-minimal variables have a non trivial coupling to the background and the BRST transformations depend on background torsion superfields [17] . As in flat spacetime [16] , the construction of the b ghost is simplified because the existence of a RNS-like vector [15] . The goal of this paper is to first find the coupling of the non-minimal variables to type II background supergeometry and then construct the b ghosts.
The plan of this paper is as follows. In section 2 we review the non-minimal type II pure spinor string in flat background. In section 3 we review the minimal pure spinor formalism for the type II superstring in a curved background. In section 4 we study the non-minimal pure spinor variables in a curved background. In section 5 we construct the b ghosts for the type II superstring.
Non-minimal type II pure spinor superstring in a flat background
The action of the non-minimal type II superstring in a flat background has the form
where (X m , θ α L , θ α R ) are the coordinates of N=2 ten-dimensional superspace (m = 0, . . . , 9; α, α = 1, . . . , 16). The chiralities α and α are the opposite for type IIA superstring and are the same for type IIB superstring. The momentum conjugate variables of (θ α L , θ α R ) are (p Lα , p Rα ). The pure spinor variables (λ L , λ R ) are constrained to satisfy the pure spinor conditions λ L γ m λ L = λ R γ m λ R = 0 where γ m are the symmetric 16 × 16 gamma matrices in ten dimensions. The conjugate variables of (λ α L , λ α R ) are (ω Lα , ω Rα ) which are defined up to the pure spinor gauge invariances δω Lα = (λ L γ m ) α Λ 1
Lm and δω Rα = (λ R γ m ) α Λ 1 Rm . The non-minimal pure spinor variables r L/R , λ L/R are constrained as
2)
and s L/R , ω L/R are defined up to
(2.
3)
The pure spinor BRST charge of the system is defined by
and
(2.5)
Note that these variables satisfy the OPE algebra
where
Using the free-field OPE algebra of the non-minimal pure spinor variables, the algebra (2.6) and the pure spinor conditions (2.2) one can show that Q 2 L = Q 2 R = {Q L , Q R } = 0. This imply that Q = Q L + Q R is nilpotent. Note also that the second integrands in (2.4), the non-minimal contribution to the BRST charge, have trivial cohomology [14] .
Consider the transformations generated by Q L . Acting on the minimal variables
8) and acting on the non-minimal variables
Note that Q R annihilates both set of variables.
The stress-energy tensor
is BRST invariant. As in [14] , one can ask if there exists a conformal dimension two b L satisfying
The answer is yes. A way to get b L is to first define a RNS-like vector 12) where N np = 1 2 (λ L γ np ω L ), that transforms under Q L as 13) and
(2.14) and it also satisfies Q R b L = 0. The proofs of (2.13) and (2.11) are easy to do after noting that the transformations generated by the type II BRST charge Q L have the same form that the transformations generated by the heterotic BRST charge in [15] .
A similar analysis can be done from Q R . In this case the relevant world-sheet variables are the minimal pure spinor variables (λ α R , θ α R , Π m , d Rα , ω Rα ) as well as the non-minimal pure spinor variables ( λ Rα , ω α R , r Rα , s α R ). The BRST transformations are given by Q R and Q L annihilates these variables. It turns out that there is a b R field satisfying Q R b R = T R and Q L b R = 0 where T R is the right-moving stress-energy tensor.
Our purpose is to generalize the analysis of this section for a type II string in a curved background.
The minimal type II pure spinor string in a curved background
The action for the type II superstring in the minimal pure spinor formalism is
The covariant derivatives in the action are given by
where the Ω superfields are the connections for the background symmetries. They are defined as
Here Ω M and Ω M are the connections for the scaling symmetry of the action (3.1), while Ω M ab and Ω M ab are connections for the Lorentz rotation symmetry of the action (3.1). The BRST symmetry for the minimal pure spinor string is generated by
which is nilpotent and conserved when the background fields satisfy the type II supergravity equations of motion in ten dimensions. The constraints are expressed in terms of the torsion, curvature and the 3-form H = dB components as can be seen in [7] . The torsion and the curvature 2-forms are defined as
and the constraints from BRST invariance are solved by
and T AB C = H ABC = 0 whenever (A, B, C) ∈ (α, α). The torsion and curvature 2-forms satisfy the Bianchi identities
We have to be careful here because, as it was mentioned above, when the index A takes the value a there are two possible connections to be used, Ω ab or Ω ab of (3.3). The analysis of the Bianchi identities taking care of this subtlety can be found in [18] (see also [19] ) we just quote the result
The components of the connection 1-form Ω ab are given in terms of the connection 1-form Ω ab and torsion components as
where the local vector indices are raised or lowered with η ab or η ab respectively. The other background superfields in the action (3.1) satisfy
(3.10)
The BRST transformations generated by Q L0 was determined in [20] . The variables (λ α L , ω Lα , d Lα ) transform as
where Σ Lα β = λ γ L Ω γα β is a field-dependent Lorentz transformation parameter. Note that from (3.3)
where Σ L = λ γ Ω γ and Σ Lab = λ γ Ω γab . The appearance of a Lorentz rotation term in the BRST transformations is usual in curved backgrounds and it was first noted in [21] . In fact, for Π a and Π α one obtains from Q L0 Z M = λ α L E α M that they transform as
where the covariant derivative is defined in (3.2). As in flat space, the left-moving stress energy tensor
is annihilated by Q L0 . The proof of this requires the BRST transformation of Π A Ω Aα β inside the covariant derivative in (3.14) . It turns out that
Again, here appears a Lorentz rotation term. Using the above transformations it is direct to verify that Q L0 T L vanishes. As in flat spacetime, one defines the ghost b L such that Q L0 b L = T L . But, the ghost b L will need the presence of the non-minimal pure spinor variables that are introduced in the next section. The transformations of the left-moving minimal pure spinor variables under Q R0 are 
where a Lorentz rotation part is manifest.
The introduction of the non-minimal pure spinor variables in a curved background
The non-minimal pure spinor variables are given by the left moving sector ( λ Lα , ω α L , r Lα , s α L ) and the right-moving sector ( λ Rα , ω α R , r Rα , s α R ). The BRST charge of the left-moving variables is
just like flat space-time (2.4). Similarly, for the right moving sector
As in [17] , we asume that both Q L1 and Q R1 act on the non-minimal pure spinor variables just like in flat spacetime. The question what is Q 0 on these variables. Since the nonminimal variables transform under Lorentz transformations, they are expected to transform under BRST because it always generates Lorentz rotations. Consider Q L = Q L0 + Q L1 . We propose that the left-moving non-minimal transformations are 
which has solution
where x L is a number not fixed yet. To proof this one expand the lhs of (4.4) in α β using the gamma matrices in ten dimensions. The term with (γ abcd ) α β is absent. The term with δ β α is proportional to
which vanishes because of the pure spinor condition. Here Φ is the dilaton superfield [7] . The term with (γ ab ) α β is proportional to
using the Bianchi identity involving R γδab one obtains that (4.7) is proportional to
which vanishes because of the pure spinor condition. Therefore, (4.5) is solution of (4.4). Similarly, for the right-moving non-minimal variables transform under Q R = Q R0 + Q R1 as
where Σ Rα β = Σ Rα β + X Rα β with X Rα β = λ γ R X Rγα β not known yet. Because Q R is nilpotent Σ R must obey certain equation which is obtained after acting with Q R in the transformations (4.9). The equation for Σ R turns out to be
where x R is a number not fixed yet.
The RNS-like vector and the b ghost
We now mix minimal and non-minimal pure spinor variables to construct the b ghost fields for type II backgrounds. As in [15] for the heterotic case, we first define variables with BRST transformations similar to those of flat space-time. Consider the left-moving variables. The right-moving sector will have a similar behavior. The non-minimal ghosts transform under Q L with expressions that are the addition of the corresponding transformation in flat space-time and a Lorentz rotation parametrized by Σ L (4.3) . We now define a variable in the minimal sector that has the same property. The new variable involving
where X L is used in (4.3) to define the left-moving BRST transformations of the nonminimal pure spinor ghosts. Using the above results, D L transforms as
which has the desired property, a rotation and a flat-like part.
Since D L involves the pure spinor ω L variable, the rhs of (5.1) has to be invariant under δω Lα = (λ L γ a ) α Λ a . Using the solution of X L given in (4.5), this is true provided x L = 3. Following [15] , the RNS-like vector Γ La is the the flat expression (2.12) by replacing d L by D L . Then,
and it transforms like
(5.4) This is equivalent to the corresponding BRST transformation in flat space-time (2.13) expect for the Lorentz rotation in the last term. To prove (5.4), we need to express the BRST transformations of the fields in (5.3) as a rotation parametrized by Σ plus a term that has the form of the corresponding BRST transformation in flat space-time. The fields (D L , λ L , r L ) already transform in this way. It remains to express the BRST transformations of (λ L , ω L ) in this way. Consider λ L ,
and using (4.5) with x L = 3 we obtain
which has the form of the flat space-time form, zero, plus a rotation parametrized by Σ and an extra term with the factor (λ L Ω). Consider now ω L ,
that is,
which has the expected form. Note that the world-sheet fields D L , Γ L and ω L transforms under Q L as the corresponding transformation in flat space-time plus a Lorentz rotation parametrized by Σ L . This i simpler than the result of [15] for the heterotic string. I believe the result of this paper is a small improvement of the result of [15] such that computations that involve BRST transformations of Lorentz invariant quantities, like construction of the b L ghost, are easier to perform.
In order to prove (5.4) we need to verify that all the factors of (λ L Ω) cancel out. These factors came from the BRST transformation of λ L and the part of Lorentz rotation Σ L with the factor of δ β α . That is, combining (3.12) and (4.5) we obtain
It turns out that both terms in (5.3) do not give term with (λ L Ω) factors. Consider the first term in (5.3) and focus on (λ L Ω) factors,
where we used Σ L = 4(λ L Ω) (5.7). The first term here comes from transforming (λ L λ L ) −1 and the second term comes from the part with Σ L in the transformations of D Lα and λ Lα in the numerator of the first term in (5.3) . The factor of λ in the denominator do not give factors of Σ L because it appears in a Lorentz invariant combination. Similarly, the for second term in (5.3) we obtain
= 0 + · · · , (5.9) where the first term comes from the transformation of (λ L λ L ) −2 , the second term comes from the transformations of r L and λ L , and the last term comes from λ L in N bc . Therefore, we have proved (5.4) . The construction of b L ghost will be simpler than the corresponding construction in [15] because this ghost is a Lorentz invariant quantity.
The b L ghost satisfies Q L b L = T L , then we need to know the stress-energy tensor of the theory. As in [17] , the action is
where S 0 is given in (3.1) and · · · is the contribution from the right-moving non-minimal pure spinor variables. The left-moving stress-energy tensor becomes
The b L ghost is the covariantization of (2.14), that is
(5.12) To prove Q L b L = T L we need to re-express the Q L BRST transformations of (Π a , Π α ) (3.13) such that they contain a Lorentz rotation with parameter Σ L . Using (3.13) we obtain
13) where we note, up to terms with Ω α , the structure of a flat-like part plus a rotation of the BRST transformations. In the computation of Q L b L we note that the first term gives the last term in (5.11) . The remaining terms in b L should give the remaining terms of (5.11) . Because of the form of the BRST transformations, this is achieved except for terms with factors (λ L Ω). These comes from (λ L λ L ) −1 and the scalar part in the Q L BRST transformations of ω Lα together with the Q L BRST transformations of Π α . The terms with factor of (λ L λ L ) −1 are with a factor of λ α L , this combination does not contain (λ L Ω).
When transforming the second term of the b L ghost one produces −d Lα Π α , which is part of the stress-energy tensor T L , but one also obtains terms involving the X L of Σ L . In fact we get the combination
which vanishes. The first term comes from the term with X L in (5.1) and the second term is made from the last two terms in QΠ α of (5.13). It remains to check that the terms with Ω α go away when the Q L BRST charge acts on the last term of the b L ghost (5.12). The term with D L in Q L ω L here will help to prove the equation Q L b L = T L , just like in flat space-time (see the appendix of [15] ). The only non-trivial contribution, and that has to vanish, comes from the terms with Ω α in Q L Π α . They give a term involving the factor
(5.14) After commuting the γ matrices in the last term, using the identity (λγ b ) α (λγ b ) β = 0 and γ b γ a γ b = −8γ a , we find that (5.14) vanishes. This completes the proof of Q L b L = T L .
Consider the right-moving part. It is possible to define a combination of minimal variables in the right-moving sector analogous to (5.1) as
where X R is given in the Q R transformation of the right-moving non-minimal pure spinor variables (4.9). Acting with Q R on D R one obtains 16) which is analogous to (5.2) . The world-sheet field D R is invariant under the pure spinor gauge symmetry δω Rα = (λ R γ a ) α Λ a as long as the x R of (4.11) is equal to 3. The RNS-like vector becomes
which transforms as 
(5.19) It remains to show that the b ghosts satisfy (5.20) in order to have Qb = T , where b = b L + b R and T = T L + T R . This is obtained after knowing that non-minimal fields λ L and r L transform under the action of Q R as a purely rotational part, that is
and that the non-minimal fields λ R and r R transform under the action of Q L as a purely rotational part, that is Q L λ Rα = Σ Lα β λ Rβ , Q L r Rα = Σ Lα β r Rβ . where P is the background RR field-strength. Note that these expressions are invariant under the pure spinor gauge symmetries δω Lα = (λ L γ a ) α Λ a and δω Rα = (λ R γ a ) α Λ a . To proof this one has to use the identities (λ L γ a ) α (λ L γ a ) β = (λ R γ a ) α (λ R γ a ) β = 0. To get (5.23) the identity(γ a P γ a ) αβ = 8∇ β Ω α has been used. It is derived from the Bianchi identity involving R (βαγ) γ and the torsion components in (3.6) and (3.10).
Instead of verify directly the equation (5.20) , an argument is now given respect to its plausibility. Above It was shown that Q L b L = T L . Applying Q R and using that it anti-commutes with Q L , Because Q L is linear in λ L and Q R is linear in λ R , each term in (5.28) has to vanish obtaining (5.20) . What remains to prove is the consistency between ∂b L and the BRST transformations. On general grounds it is expected that ∂b L is Q R O for some O operator.
As it was discussed in [10] ,
where Γ is contour in thez plane and A(B) is the OPE of A with B. This was proved for the heterotic string case in [22] and it is expected to be true in the type II case.
